The p + 6 Li → η + 7 Be reaction has been investigated with an emphasis on the η meson and 7 Be interaction in the final state. Considering the 6 Li and 7 Be nuclei to be α-d and α-3 He clusters respectively, the reaction is modelled to proceed via the p
I. ETA MESON INTERACTIONS WITH LIGHT NUCLEI
The past few years have seen extensive investigations of the η meson producing reactions at close to threshold energies. The experiments are aimed either at directly searching [1] for the possible existence of eta-mesic nuclei as a result of the strong attractive nature of the η-N interaction [2] or studying the final state eta-nuclear interaction to eventually conclude on the existence of eta-mesic nuclear states [3, 4] . A common feature of the data on η production near threshold is the strong deviation of the cross sections from phase space. It can be understood as a manifestation of the strong attractive η-N interaction (arising basically due to the proximity of the η-N threshold to the S 11 resonance N * (1535)). Experiments on η production have been performed in nucleon-nucleon collisions and have been extended to proton-deuteron and deuteron-deuteron collisions too [5] . Though the focus of reactions such as the p + d → p + d + η and p + d → 3 He + η is on investigating possibilities of bound states of eta mesons and 2 -3 nucleon systems, theoretical studies of the reaction mechanism revealed interesting features too [6] . In the p-d collisions, the production near threshold is found to be dominated by a two-step mechanism where the large momentum transfer in producing the η meson is shared by three nucleons. These findings naturally led to the curiosity of what happens when the η interacts with more than three or four nucleons in the final nucleus. With this motivation, measurements of the p +with r i = a i x and i = 1, 2 as mentioned above. At the low energies considered here, the η-N interaction is dominated by the S 11 resonance N*(1535) and hence we perform a partial wave expansion and retain only s-waves, which reduces (2) to the following two equations for η-3 He (T 1 ) and η-4 He (T 2 ):
T 2 (k ′′ , k, a 2 x, z) (4)
where t i ( k ′ , k ; r i ; z) in Eq. (3) has reduced to t i (k ′ , k, a i x, z) written in terms of the spherical Bessel functions j 0 (a i x k) and j 0 (a i x k ′ ). Replacing the equation for T 2 in T 1 , we obtain a recursive relation for T 1 as follows,
Once T 1 is evaluated from (6), it can be replaced into the equation for T 2 and the two can be substituted in (1) to evaluate the η-7 Be t-matrix. Thus (1) is evaluated retaining only s-waves in T 1 and T 2 . T 1 is evaluated numerically using the η-3 He and η-4 He t-matrices, t 1 and t 2 respectively, as inputs. t 1 and t 2 are themselves evaluated numerically using few body equations and an input coupled channel η-N t-matrix. Details of this formalism can be found in [3] . The two models of the elementary ηN t-matrix used here will be discussed in the next subsection.
Models of elementary η-nucleon scattering
The coupled channel η-N t-matrix which is required for the evaluation of the η-3 He and η-4 He t-matrices, t 1 and t 2 , is taken from two different models available in literature. In [13] , a transition matrix including the πN and ηN channels with the N*(1535) resonance playing a dominant role was constructed. It consisted of the meson -N* vertices and the N* propagator as given below:
with,
, where Σ α (z) (α = π, η) are the self energy contributions from the πN and ηN loops. In [13] elastic and inelastic η-deuteron scattering as well as η photoproduction on the deuteron was studied using this ηN model. We shall use two parameter sets available, one which leads to a scattering length of a ηN = (0.75, 0.27) fm and another which leads to a ηN = (0.88, 0.41) fm. We shall refer to this model henceforth as Model A.
Model B used in the present work is taken from [14] . The t-matrix for ηN → ηN is written in a separable form as,
where the on-shell part, t ηη (E), is described in an effective range approximation as,
The off-shell form factors have the form, 
Kinematics of the many body problem
The choice of kinematic variables in a multiple scattering formalism where the many body scattering matrix is written in terms of a two body matrix is not unique in literature.
The two most commonly used approaches are (i) the fixed scatterer approximation (FSA) and (ii) the on-energy shell impulse approximation (OEI) [15] (related to yet another approach, namely, the fixed impulse approximation (FIA) [16] ). The difference between these approaches (which becomes important at intermediate and high energies) lies in the fact that in the FSA, the struck nucleon is assumed to recoil with the target as a whole, while in the OEI, it recoils freely. This means that in the FSA, the two-body operator does not follow from the equation for a free two-body t-matrix, but rather contains the mass of the nucleus (in which the two-body system is embedded) in the kinetic energy. Though this seems to be mathematically sound, such a two body t-matrix can have physically undesired features. For example, in [17] it was found from a phase shift study that such a two-body t-matrix may not display the resonant behaviour which it would be expected to. In the same work, in connection with π-nucleus scattering, it was found that considering a free two-body matrix simulated the contribution of continuum states (otherwise neglected in that work) and brought theory in closer agreement with data.
Though the differences arising from the particular approaches used above may not be crucial at the low energies considered in the present work, the many-body problem considered here is a bit more complicated and hence a small discussion is in order. In the works mentioned above, one studies the differences of the approaches involved, in a multiple scattering of a hadron on the individual nucleons in the nuclear target. Here however, the problem appears to be that of one multiple scattering problem embedded inside another. is however taken to be in the η-7 Be centre of mass system.
Cluster wave functions of 6 Li and 7 Be
Since the energy spacing between the first four low-lying levels of the 7 Be nucleus is small, we include the contribution from these four levels. We consider the angular momentum states with L = 1 and L = 3 corresponding to the J = ( 3/2 − , 1/2 − ) and J = ( 7/2 − , 5/2 − ) levels respectively. The cluster wave functions for 7 Be and those for 6 Li required in the production amplitude of the p + 6 Li → η + 7 Be reaction are (1) generated using a WoodSaxon potential [18] and (2) taken from a Green's function Monte Carlo (GFMC) variational calculation with the Urbana potential [19] . In the GFMC case, the wave function for 7 Li is used to represent the 7 Be one. The α and deuteron cluster in 6 Li is assumed to be in the
B. Production mechanism of the p + 6 Li → η + 7 Be reaction
Assuming that the beam proton interacts with a loosely bound deuteron in the 6 Li nucleus to produce an η meson and 3 He (with the α remaining a spectator) the production amplitude for the p + 6 Li → η + 7 Be reaction can be written in terms of that for the p + d → 3 He + η process. The off shell η meson thus produced then rescatters on 7 Be (i.e. the 3 He-4 He cluster). This production of the η and its final state interaction (FSI) with 7 Be is represented schematically in Fig. 1 , and the corresponding transition matrix is written as,
where k p and k η are the initial and final momenta in the centre of mass system. m p , m 6 and m 7 are the spin projections of the proton, 6 Li and 7 Be respectively. The production matrix corresponds to the direct on-shell η production and (b) to an η which is first produced off-shell and rescatters via the η + 7 Be → η + 7 Be process to become on-shell.
for a relative angular momentum L between the 3 He and α is written as,
where, k p is the momentum of the incoming proton and −[2/6] k p + P 1 of the deuteron in 6 Li. µ is the spin projection of 3 He. The on-shell η meson momentum is denoted as k η and the off-shell one as q.
is hence the momentum of on-or off-shell 3 He in 7 Be. Since the α particle remains a spectator, its momentum in 6 Li and 7 Be is required to be the same and
(where P 1 and P 2 are the Fermi momenta inside 6 Li and 7 Be respectively). The integration in (11) should in principle have been over both the Fermi momenta, P 1 and P 2 , however, the above relation between them renders the integration over P 2 in (11) redundant. Further, when one evaluates the unpolarized cross sections, one sums over the spins in the final state and averages over those in the initial state. As a result, in such a calculation, some sums in (10) and (11) become redundant.
The T −matrix for the process, | T p d → η 3 He | , is written in a two-step model from our earlier work [6] . Considering the complexity of the present calculations which include the off-shell rescattering as given by the second term in (10) with the η-7 Be FSI and the fact that the two-step model of the p + d → 3 He + η is itself quite involved, we neglect the effect of Fermi motion on | T p d → η 3 He | and hence take it out of the integral over P 1 in (11).
The momentum space wave functions are expressed in terms of Fourier transforms of their radial forms. Thus the integral in momentum space is transformed to that in coordinate space. All this simplifies Eq. (11) to a good extent and it can be written as,
where,
is the transition form factor for 6 Li → 7 Be, with momentum transfer Q = for example in the off-shell case. Though not written explicitly, the transition form factor depends on the total angular momentum J since the radial wave function in 7 Be depends, even if mildly, on J. In Fig. 2 k p in the first term of (10) whereas over a range of momenta in the second term of (10) where it appears inside the integral. The dotted vertical lines in Fig. 2 indicate the relevant range corresponding to the beam energies of the present work.
We shall see later how this difference between the two types of form factors affects the cross sections.
III. RESULTS AND DISCUSSIONS
In what follows, we shall present the cross section calculations for the p + 6 Li → η + In Fig. 8 , a comparison of the total (inclusive) cross sections within models A and B of the ηN → ηN t-matrix and using different sets of scattering lengths is made.
A. The p + 6 Li → η + 7 Be cross sections for different 7 Be levels
As mentioned earlier, the p + 6 Li → η + 7 Be reaction is studied with four possible final states of the 7 Be nucleus. The proton beam energies are chosen to study the cross sections up to excess energies of about 20 MeV above threshold. Due to the differences between the masses of the various 7 Be levels, the threshold for the reaction corresponding to each level differs. In Table I , as an example, we list some of the beam energies at which we evaluate the cross sections, along with the corresponding excess energies in order to facilitate the understanding of the plots later.
In Figs 3 and 4 , the angle integrated total cross sections for the p + 6 Li → η + sections evaluated using only Fig. 1(a) corresponding to the first term in Eq. (10). As is evident from these plots, inclusion of Fig. 1(b) , i.e., the rescattering of the η meson with the 7 Be nucleus (or in other words the final state η-7 Be interaction) drastically affects the shape and magnitude of the cross sections near threshold.
The off-shell rescattering contribution
The second term in Eq. (10) which corresponds to rescattering ( Fig. 1(b) ), consists in principle of the scattering of on-as well as off-shell η mesons on 7 Be. As is generally expected at low energies, Fig. 5 clearly shows that neither the plane wave scattering (Fig.   1a ) nor the pole term in Eq. (10) (the on-shell η-7 Be rescattering) is responsible for the near threshold cross section hump. It is the principal value of the integral in the second term which corresponds to the scattering of off-shell eta mesons produced in the p + 6 Li → η + 7 Be process on 7 Be that gives rise to this hump. Though the dominance of the principal value is expected, a hump-like structure in the total cross section, due to final state η-nucleus interaction is not so natural to expect. For example, such an effect was not observed in our previous studies of the pd → pdη and pd → 3 He η reactions.
In order to understand this phenomenon, we re-write the principal value integral in the second term of Eq. (10) (corresponding to off-shell rescattering) in a split form. Let us express the integral d q = dΩ q ∞ 0 q 2 dq as dΩµ dE(q) where, q 2 = 2µE(q).
Dropping the spin projection dependence in the notation for convenience, we define the rescattering term alone (second term in (10)) as a function, G( k p , k η ) plus the pole term, such that,
where the functions, F and f summarize the angle and energy dependence (except the energy dependence in the denominator) respectively of the vector q in the integrand. We now break up part of the principal value integral into three parts, considering the region till and after the pole value as follows:
In order to get some idea of the behaviour of the complicated integrals in (14) and (15) which we perform numerically, we try to analyse these integrals analytically in a very simplistic way. First, we perform an expansion of f (E(q)), such that,
We further assume that only the first term on the right in the above expansion is important.
Not always can one expect the energy dependence of f (E(q)) to be such that we can write it with only a constant f (E(k η )) appearing in the first term as above. If the pole is however close to zero, then the energy region 0 → 2 E(k η ) is a small region around the pole where f (E(q)) may vary little and the expansion made above becomes a reasonable approximation.
Since f (E(k η )) is a constant, when we integrate, we get,
where obviously the first two terms cancel. The integral I in (15) will then be dominated only by I 3 whose behaviour will decide the shape of the off-shell rescattering term. I 3 depends on the form of the function f (E(q)), which is a product of the p + 6 Li → η + 7 Be production t-matrix and the η-7 Be elastic t-matrix. The latter is peaked at small k η due to the fact that the 7 Be wave function contributes at large r. The I 3 part of the off-shell rescattering term which grows as one approaches energies close to threshold gives rise to the hump due to FSI in the total cross section. The above analysis will not be valid when one is far away from threshold.
Single scattering versus multiple scattering to all orders
In Fig. 6 , for the sake of completeness is shown the cross section evaluated using only the single scattering terms in the η-7 Be t-matrix (i.e. the first terms in Eqs (4 -5)) as compared to that using the full coupled channel t-matrix which includes the multiple scattering to all orders (Eqs (4-6)). The dot-dashed line is thus the calculation corresponding to an η-7 Be interaction where the η meson scatters once on each of the 3 He and 4 He nuclei inside 7 Be and then proceeds to become on-shell in the final state of the p + 6 Li → η + 7 Be reaction.
The solid line is due to the η-7 Be interaction which involves multiple scattering of the η on the two clusters, 3 He and 4 He, and its propagation inside 7 Be in between these scatterings. The calculation is done for the ground state of 7 Be (J = 3/2 − ).
Angular distributions
In Fig. 7 , we plot the angular distributions for this reaction for the ground state (J = 3/2 − ) of 7 Be. The angular distributions are nearly isotropic as has always been found in the η producing reactions near threshold. The FSI between the η meson and 7 Be is responsible for raising the magnitudes of the cross sections only close to threshold. At an excess energy of 19 MeV, the effect of the FSI is highly reduced and the theoretical prediction in Fig. 7 is around 0.2 nb/sr as compared to the Turin data point of 4.6 ± 3.8 nb/sr. Even if we add up the cross sections corresponding to other values of J, i.e., J = 1/2 − , 5/2 − and 7/2 − , the theoretical prediction with FSI is 0.51 nb/sr. Though not very clear at the moment, one could speculate that the deficit in the theoretical prediction as compared to data is probably due to some missing reaction mechanism not included in the present cluster model approach. 
B. Inclusive cross section
Having analysed and deciphered the origin of the hump in the total cross sections near threshold, we now plot in Fig. 8 , the sum of the total cross sections, J σ J p + 6 Li → η + 7 Be , where the superscript J refers to the state in which the 7 Be in the final state is produced.
The four different levels of 7 Be considered here have a different value of J and also a different mass. In this sense, the summed cross section represents an inclusive cross section of the p + 6 Li → η + X reaction with X being any of the low-lying states of 7 Be. We have already seen that within Model A, the close to threshold η-7 Be interaction causes a sharp rise (the hump) in the cross section. Now, in the case of the L = 3 states, as can be seen from Table   I, reading of Ref. [14] (which lists the parameter sets for Model B, lower panel in Fig. 8) one notices that the parameter sets for these two particular curves have been obtained after removing the γN → ηN data from the analysis. Thus these two curves are different from all the rest in Fig. 8 , in the sense that these parameter sets are not constrained by the photoproduction data. Model A, however, was used in [13] to calculate the cross sections for the γd → ηd and γd → ηX reactions. Hence, Model A and the two curves with double humps in Model B are constrained by the eta photoproduction data which is probably important for the behaviour of the ηN t-matrix at energies away from threshold.
C. Comment on possible eta-mesic 7 Be states
Finally, before ending our discussion of the results, in Table II , we give the η-7 Be scattering lengths corresponding to different values of the ηN scattering lengths in models A and B.
The η-7 Be scattering length is evaluated from the elastic η-7 Be t-matrix at zero energy as follows:
where µ is the reduced mass of the η-7 Be system. The smallest scattering length a ηN used here, leads to a positive real part of the η-7 Be scattering length, a η−7Be . However, this choice of parameters (model F in [14] ) is mentioned as an unconventional solution obtained after dropping the photoproduction data from the fits.
The first four entries in Table II corresponding to large a ηN , display a η−7Be to be large with negative real parts. Apart from the commonly known condition that the real part of the scattering length should be negative [20] , in the third reference in [2] , the authors found that the condition for the existence of a bound state is that |a I | < |a R | for an eta-nucleus scattering length of (a R + i a I ). With these two conditions it seems that the first few
